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ABSTRACT
Online learning with bandit feedback has been studied extensively
in the past decades and has numerous applications in search, advertising, recommender systems, and hyperparameter optimization.
The most common bandit setting is that of immediate feedback,
where the reward of the arm is observed immediately after it is
pulled. Unfortunately, this is unrealistic in many domains, such as
marketing and advertising, where user conversions may take months.
Such delays have a significant impact on the regret of classic bandit
algorithms. In this work, we propose a funnel bandit, where the
learning agent gets partial feedback as the user progresses through
the marketing funnel. The arms are marketing policies and the agent
is rewarded when the user converts, at the end of the funnel. An
interesting structure of this problem is that a suboptimal arm can
be identified from partial feedback. We propose practical UCB-like
and posterior sampling algorithms for our problem, and analyze the
former. Our analysis shows that the regret can be independent of
the total delay in feedback. To the best of our knowledge, this is the
first result of this kind. We also evaluate our methods empirically on
synthetic datasets.

the performance of these algorithms may no longer be optimal [7].
Consider the setting where we would like to measure user activity
each week and want to maximize the probability of being active in
each week of the month. Each week would correspond to one stage
and there would be four stages in a month. The user is active or
inactive in a stage. When the user is inactive, the user drops off the
funnel. We maximimize the probability that the user gets to the end
of the funnel.
Previous approaches have considered the delayed feedback setting but do not take the full problem structure into account [7, 12].
For many practical problems of interest, we have a funnel-like structure which is relatively well understood in their respective domains.
Customers typically fall off the funnel as they transition between
the stages with rates dependent on the target applications. We propose funnel bandits to solve this problem which has the following
characteristics:
• The regret consists of a problem-dependent delay term which
is determined by an intermediate stage of the arm. This is in
sharp contrast to typical bandit algorithms which have a regret
term that depends on the maximum delay corresponding to
the wait time across all the stages [7].
• Experiments show the effectiveness of our approach in the
case of medium to large delays.
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1

INTRODUCTION

A stochastic multi-armed bandit [4, 9, 10] is an online learning
problem where an agent sequentially pulls arms with stochastic
rewards. The agent maximizes its expected cumulative reward. It
does not know the mean rewards of the arms in advance and learns
them by pulling the arms. This results in the so-called explorationexploitation trade-off : explore, and learn more about an arm; or
exploit, and pull the best empirical arm. In practice, the arm may be
an advertisement and its reward is a click of the user.
Optimism in the face of uncertainty [1, 4, 5] and Thompson sampling (TS) [3, 16] are near-optimal exploration algorithms for many
important problem classes. However, when the rewards are delayed,
* Corresponding

2

SETTING

We study the following online learning problem. In round 𝑡 ∈ [𝑛], a
single user arrives and we choose an action for that user. We have 𝐾
actions and refer to each action as an arm. The pulled arm in round
𝑡 is denoted by 𝐼𝑡 ∈ [𝐾]. After the arm is pulled, the user enters a
funnel and moves between its 𝐿 stages. If the user is active in stage
𝑗 < 𝐿, the user moves to stage 𝑗 + 1.
The movement to stage 𝑗 + 1 is delayed. When the user is active
in the last stage 𝐿, the learning agent gets reward 1. If the user is
inactive in some stage, the user falls off the funnel and the learning
agent gets reward 0. In each stage, we observe whether the user is
active or inactive. Note that first the user enters a stage 𝑗 and after a
delay we receive the corresponding activity status.
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Our setting: The user 𝑡 is active in stage 𝑗 given arm 𝑖 is a
Bernoulli random variable 𝑍𝑖,𝑗,𝑡 ∼ Ber(𝑍¯𝑖,𝑗 ), where 𝑍¯𝑖,𝑗 is the probability of being active in stage 𝑗 given arm 𝑖. We assume that 𝑍𝑖,𝑗,𝑡 is
independent over rounds 𝑡. In this notation, the user moves through
Î
all stages and succeeds in the last one when 𝐿𝑗=1 𝑍𝑖,𝑗,𝑡 = 1. If
we had assumed independence across the stages
Îas well, the prob
𝐿 𝑍
ability of this event would have factored as: P
𝑗=1 𝑖,𝑗,𝑡 = 1 =
 Î
Î𝐿
P 𝑍𝑖,𝑗,𝑡 = 1 = 𝐿 𝑍¯𝑖,𝑗 .
𝑗=1

𝑗=1
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The activity of user 𝑡 up to stage 𝑗 given arm 𝑖 is denoted by
𝑗
𝑌𝑖,𝑗,𝑡 = min 𝑗 ′ =1 𝑍𝑖,𝑗 ′,𝑡 . The success of arm 𝑖 up to stage 𝑗 is de
noted by 𝜇𝑖,𝑗 and defined as 𝜇𝑖,𝑗 = P 𝑌𝑖,𝑗,𝑡 = 1 . Note that 𝑌𝑖,𝑗,𝑡 ∼
Ber(𝜇𝑖,𝑗 ). The delay in the movement of user 𝑡 to complete the first
𝑗 stages is denoted by 𝑤 𝑗 (≥ 0). For the rest of the paper, we will
work exclusively with 𝑌𝑖,𝑗,𝑡 .
The success probability of arm 𝑖 is denoted by 𝜇𝑖 and is equal to
𝜇𝑖,𝐿 . Concretely, lets say user 𝑡 arrives at time 𝑡 and enters stage 1
of arm 2 and receives reward 𝑌2,1,𝑡 after a delay of 𝑤 1 . If the user
is active then they enter stage 2 and receives a cumulative reward
𝑌2,2,𝑡 after a subsequent delay of 𝑤 2 − 𝑤 1 . The goal of the learning
agent is to learn the arm that maximizes the probability that the
average user reaches the last stage and is active. Since the delays in
feedback are independent of the pulled arm, this is maximized by
arm 𝑖 ∗ = arg max𝑖 ∈ [𝐾 ] 𝜇𝑖,𝐿 . We refer to this learning problem as a
funnel bandit.
This is equivalent to minimizing the expected 𝑛-round regret
given by:
𝑅(𝑛) = 𝑛𝜇𝑖 ∗ −

𝑛
Õ

𝜇 𝐼𝑡

(1)

𝑡 =1

Note that in our setting we have 𝜇𝑖,𝑗 ≥ 𝜇𝑖 and satisfies a monotonic property as a function of stage. It can be observed that the
success probability can only drop as we transition across the funnel.
We require weaker assumptions on our model for designing our
bandit algorithms. In particular, we only need that 𝜇𝑖,𝑗 ≥ 𝜇𝑖 for each
arm 𝑖 ∈ [𝐾], 𝑗 ∈ [𝐿] and this includes the funnel bandit as a special
case of our formulation. In the next two sections, we will propose
two novel algorithms corresponding to the upper confidence bound
(UCB1) and Bayes modeling (Bayes) class of algorithms.

Algorithm 1 FunUCB for Funnel Bandits
for 𝑡 = 1, . . . , 𝑛 do
// Compute UCBs of the arms
for 𝑖 = 1, . . . , 𝐾 do
for 𝑗 = 1, . . . , 𝐿 do r
𝑈𝑖,𝑗,𝑡 = 𝜇ˆ𝑖,𝑗,𝑡 −1 +

1.5 log 𝑡
𝑇𝑖,𝑗,𝑡 −1 ,

where 𝜇ˆ𝑖,𝑗,𝑡 −1 , 𝑇𝑖,𝑗,𝑡 −1 are

defined in (3), (2), respectively
end for
𝑈𝑖,𝑡 = min 𝑗 ∈ [𝐿] 𝑈𝑖,𝑗,𝑡
end for
// Compute best arm
𝐼𝑡 = arg max𝑖 ∈ [𝐾 ] 𝑈𝑖,𝑡
Choose arm 𝐼𝑡 and corresponding reward 𝑌𝐼𝑡 ,:,𝑡 for user 𝑡 gets
realized
end for
and finally, we compute the UCB1 upper confidence bound of arm 𝑖
up to stage 𝑗 in round 𝑡 as
s
1.5 log 𝑡
𝑈𝑖,𝑗,𝑡 = 𝜇ˆ𝑖,𝑗,𝑡 −1 +
.
(4)
𝑇𝑖,𝑗,𝑡 −1

We will describe our proposed algorithms for the funnel bandit
problem.

Thirdly, we obtain the UCB of each of 𝐾 arms as the minimum of the
UCB of each of the corresponding 𝐿 stages 𝑈𝑖,𝑡 = min 𝑗 ∈ [𝐿] 𝑈𝑖,𝑗,𝑡 . In
particular, since we assume that 𝜇𝑖,𝑗 ≥ 𝜇𝑖 for all 𝑖 and 𝑗, any 𝑈𝑖,𝑗,𝑡 is
a valid high-probability upper bound on 𝜇𝑖 . It makes sense to choose
the most conservative one and this is what we essentially do.
FunUCB has some attractive properties which can be summarized
as follows. We take advantage of the feedback of each of the stages
and update our UCBs of each of the arms. A priori, it is not clear if
this will lead to better regret performance but experimental results
strongly show the benefits of such an approach. Also, we show upper
bounds on the regret performance as a function of the delay feedback
depending on the problem gap-dependent intermediate stage 𝑗.

3.1

3.2

3

FUNNEL ALGORITHMS

FunUCB

Our proposed algorithm FunUCB is described in Algorithm 1. It
operates in three stages broadly as follows. At each round 𝑡 user
𝑡 arrives. The corresponding rewards 𝑌:,:,𝑡 for user 𝑡 get realized
but are not observed by the algorithm. Secondly, we compute the
number of observations of arm 𝑖 up to stage 𝑗 in the first 𝑡 rounds as
follows:
𝑇𝑖,𝑗,𝑡 =

𝑡
Õ


1{𝐼 ℓ = 𝑖} 1 ℓ + 𝑤 𝑗 ≤ 𝑡

(2)

ℓ=1

The number of times arm 𝑖 was selected in first 𝑡 rounds is given
by the first term. Second term ensures that were actually observed
by the algorithm due to the delay constraint. Taking the two terms
together, we can compute the number of times arm 𝑖 composed of
first 𝑗 stages was observed in the first 𝑡 rounds. The corresponding
empirical mean of arm i up to stage j in the first t rounds can be
computed as:

Í𝑡
1{𝐼 ℓ = 𝑖} 1 ℓ + 𝑤 𝑗 ≤ 𝑡 𝑌𝑖,𝑗,ℓ
(3)
𝜇ˆ𝑖,𝑗,𝑡 = ℓ=1
𝑇𝑖,𝑗,𝑡

Algorithm FunBayes

We also propose a novel Bayesian approach, namely FunBayes and
it is described in Algorithm 2. Recently, the connection between
posterior sampling and UCB algorithms has been established [15].
Similar to UCB1 where we maintain upper confidence bounds on
the arms, we maintain beta distributions for each of the stages of
the arm and query a round-dependent quantile. The algorithm can
be described as follows. Firstly, user 𝑡 arrives at round 𝑡. Similarly
to FunUCB the corresponding rewards 𝑌:,:,𝑡 get realized but are not
observed by the algorithm. The setting for the reward feedback
and the corresponding delays are similar to FunUCB. Secondly, we
compute the parameters of the beta distributions for arm 𝑖 in stage 𝑗
at time 𝑡 as follows:
𝑡
Õ

𝛼𝑖,𝑗,𝑡 =
1{𝐼 ℓ = 𝑖} 1 ℓ + 𝑤 𝑗 ≤ 𝑡 𝑌𝑖,𝑗,ℓ + 1
(5)
ℓ=1

𝛽𝑖,𝑗,𝑡 =

𝑡
Õ


1{𝐼 ℓ = 𝑖} 1 ℓ + 𝑤 𝑗 ≤ 𝑡 (1 − 𝑌𝑖,𝑗,ℓ ) + 1

(6)

ℓ=1

where 𝛼𝑖,𝑗,𝑡 and 𝛽𝑖,𝑗,𝑡 are the counts of arm 𝑖 in stage 𝑗 by round
𝑡. The terms in the computation are the same as the ones in UCB1.

Funnel Bandits
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Algorithm 2 FunBayes for Funnel Bandits

Now we apply the union bound and get

for 𝑡 = 1, . . . , 𝑛 do
// Compute UCBs of the arms
for 𝑖 = 1, . . . , 𝐾 do
for 𝑗 = 1, . . . , 𝐿 do
𝑉𝑖,𝑗,𝑡 = 𝑄 (1 − 𝑡 (log1 𝑛) 𝑐 , Beta(𝛼𝑖,𝑗,𝑡 , 𝛽𝑖,𝑗,𝑡 )) where 𝛼𝑖,𝑗,𝑡 ,
𝛽𝑖,𝑗,𝑡 are defined in Equations 5, 6.
end for
𝑉𝑖,𝑡 = min 𝑗 ∈ [𝐿] 𝑉𝑖,𝑗,𝑡
end for
//Compute best arm
𝐼𝑡 = arg max𝑖 ∈ [𝐾 ] 𝑉𝑖,𝑡
Choose arm 𝐼𝑡 and corresponding reward 𝑌𝐼𝑡 ,:,𝑡 for user 𝑡 gets
realized
end for

And finally, we compute the UCB’s based on the round-dependent
quantile of the estimated empirical distribution as follows:
𝑉𝑖,𝑗,𝑡 = 𝑄 (1 −

1
, Beta(𝛼𝑖,𝑗,𝑡 , 𝛽𝑖,𝑗,𝑡 ))
𝑡 (log 𝑛)𝑐

∀𝑗 ∈ [𝐿]

(7)

where 𝑄 (𝑞, 𝜌) corresponds to the quantile function associated with
distribution 𝜌 that satisfies 𝑃 𝜌 (𝑋 ≤ 𝑄 (𝑡, 𝜌)) = 𝑞. We use a horizon dependent term (log 𝑛)𝑐 for analyzing the algorithm but in the
experiments we set 𝑐 = 0 without any issues similar to [8].

4

ANALYSIS

UCB Analysis

The estimated mean reward of arm 𝑖 in stage 𝑗 is a random quantity.
We analyze its concentration below.
Lemma 1. Let
s

(
𝐸𝑖,𝑗,𝑡 =

𝐾 Õ
𝐿 Õ
𝑛 Õ
𝑡 −1

 Õ
P 𝐸¯𝑡 ≤
P 𝐸¯𝑖,𝑗,𝑡 ,𝑇𝑖,𝑗,𝑡 −1 = 𝑠

𝑡 =1

𝑖=1 𝑗=1 𝑡 =1 𝑠=1
𝑛
Õ
−2

≤ 2𝐾𝐿

𝜇ˆ𝑖,𝑗,𝑡 −1 − 𝜇𝑖,𝑗 ≤

1.5 log 𝑡
𝑇𝑖,𝑗,𝑡 −1

)

be the event that the estimated mean reward of arm 𝑖 in stage 𝑗 and
round 𝑡 is “close” to its actual mean. Let
Ø Ø
𝐸𝑡 =
𝐸𝑖,𝑗,𝑡
𝑖 ∈ [𝐾 ] 𝑗 ∈ [𝐿]

be the event that all events 𝐸𝑖,𝑗,𝑡 in round 𝑡 occur and 𝐸¯𝑡 be its
complement. Then
 𝜋2
P 𝐸¯𝑡 ≤
𝐾𝐿 .
3
𝑡 =1

𝑛
Õ

P ROOF. Fix arm 𝑖, stage 𝑗, round 𝑡, and the number of observations 𝑠 = 𝑇𝑖,𝑗,𝑡 −1 . Then by Hoeffding’s inequality
!
r
1.5 log 𝑡
P 𝜇ˆ𝑖,𝑗,𝑡 −1 − 𝜇𝑖,𝑗 ≥
≤ 2𝑡 −3 .
𝑠

≤

𝑡

𝑡 =1

𝜋2
𝐾𝐿 .
3
□

This concludes the proof.

Now we bound the regret of FunUCB. The analysis is under the
assumption that 𝜇𝑖,𝑗 ∈ [0, 1] for all arms 𝑖 and stages 𝑗.
T HEOREM 2. Let arm 1 be a unique optimal arm, that is 𝜇1 > 𝜇𝑖
for all suboptimal arms 𝑖 > 1. Then the 𝑛-round regret of FunUCB is
bounded as
𝐾
Õ
6 log 𝑛
𝜋2
𝑅(𝑛) ≤
𝐾𝐿 +
Δ𝑖
min
+ 𝑤𝑗 ,
3
𝑗 ∈ [𝐿]:Δ𝑖,𝑗 >0 Δ2
𝑖,𝑗
𝑖=2
where Δ𝑖 = 𝜇 1 − 𝜇𝑖 is the suboptimality gap of arm 𝑖 and Δ𝑖,𝑗 =
𝜇 1,𝐿 − 𝜇𝑖,𝑗 .
P ROOF. First, we decompose the regret as
" 𝑛
#
" 𝑛
# 𝑛
Õ
Õ
Õ

𝑅(𝑛) = E
P 𝐸¯𝑡
Δ𝐼𝑡 ≤ E
Δ𝐼𝑡 1{𝐸𝑡 } +
𝑡 =1

≤E

" 𝑛
Õ

𝑡 =1

#
Δ𝐼𝑡 1{𝐸𝑡 } +

𝑡 =1

=

We analyze and provide regret bounds for both the algorithms
FunUCB and FunBayes.

4.1

𝑛
Õ

𝐾
Õ
𝑖=2

Δ𝑖 E

" 𝑛
Õ

𝑡 =1

𝜋2
3

𝐾𝐿
#

1{𝐼𝑡 = 𝑖, 𝐸𝑡 } +

𝑡 =1

𝜋2
𝐾𝐿 ,
3

where the last inequality follows from Lemma 1.
Now we fix suboptimal arm 𝑖 > 1 and any stage 𝑗 such that
Δ𝑖,𝑗 > 0. Roughly speaking, this is the stage where arm 𝑖 can be
distinguished from arm 1. Let
(
)
6 log 𝑛
𝐹𝑖,𝑗,𝑡 = 𝑇𝑖,𝑗,𝑡 −1 >
2
Δ𝑖,𝑗
be the event that arm 𝑖 is observed sufficiently often in stage 𝑗. Based
on this event, the number of pulls of arm 𝑖 can be bounded from
above as
" 𝑛
#
Õ
E
1{𝐼𝑡 = 𝑖, 𝐸𝑡 }
𝑡 =1

" 𝑛
#
Õ 
6 log 𝑛
≤E
1 𝐼𝑡 = 𝑖, 𝐸𝑡 , 𝐹𝑖,𝑗,𝑡 +
+ 𝑤𝑗 .
2
Δ𝑖,𝑗
𝑡 =1
The extra factor of 𝑤 𝑗 is because the observation in stage 𝑗 is delayed
by 𝑤 𝑗 rounds after the arm pull.
On events 𝐸𝑡 and 𝐹𝑖,𝑗,𝑡 , arm 𝑖 cannot be pulled. This is because
the UCB of arm 𝑖 is bounded from above by that of arm 1, since
s
1.5 log 𝑡
𝑈𝑖,𝑡 ≤ 𝑈𝑖,𝑗,𝑡 = 𝜇ˆ𝑖,𝑗,𝑡 −1 +
𝑇𝑖,𝑗,𝑡 −1
s
s
2 log 𝑡
1.5Δ𝑖,𝑗
1.5 log 𝑡
≤ 𝜇𝑖,𝑗 + 2
< 𝜇𝑖,𝑗 + 2
𝑇𝑖,𝑗,𝑡 −1
6 log 𝑛
< 𝜇𝑖,𝑗 + Δ𝑖,𝑗 = 𝜇 1,𝐿 ≤ 𝑈 1,𝑡 .

MARBLE Workshop, KDD 21, August 2021, Singapore

Vamsi K. Potluru, Branislav Kveton, Sameena Shah, and Manuela M. Veloso

Now note that the above derivation holds for any stage 𝑗 such that
Δ𝑖,𝑗 > 0. Therefore, we have
" 𝑛
#
Õ
6 log 𝑛
E
1{𝐼𝑡 = 𝑖, 𝐸𝑡 } ≤
min
+ 𝑤𝑗 .
𝑗 ∈ [𝐿]:Δ𝑖,𝑗 >0 Δ2
𝑖,𝑗
𝑡 =1
Finally, we chain all inequalities and get
" 𝑛
#
𝐾
Õ
Õ
𝜋2
𝐾𝐿
𝑅(𝑛) ≤
Δ𝑖 E
1{𝐼𝑡 = 𝑖, 𝐸𝑡 } +
3
𝑖=2
𝑡 =1
≤

𝐾
Õ
6 log 𝑛
𝜋2
𝐾𝐿 +
Δ𝑖
min
+ 𝑤𝑗 .
3
𝑗 ∈ [𝐿]:Δ𝑖,𝑗 >0 Δ2
𝑖,𝑗
𝑖=2

□

This concludes the proof.

4.2

Discussion
• If we set 𝑗 = 𝐿 for all 𝑖, we get the same bound as UCB1 that
would wait for the feedback until the very end. Thus we are
always better than this approach.
• Generally speaking, if we choose any 𝑗 ≠ 𝐿 such that Δ𝑖,𝑗 > 0,
2 is larger
we have a smaller gap. Therefore, the term with Δ𝑖,𝑗
than if we waited until the end. However, the other term 𝑤 𝑗 is
smaller. Our algorithm automatically adapts to the best stage
𝑗 for any arm 𝑖, that minimizes the sum of these terms.

4.3

Bayes-UCB

We show a sketch of the regret bound using the Bayes-UCB approach [8]. This is motivated by the structure of Theorem 2.
T HEOREM 3. Let arm 1 be a unique optimal arm, that is 𝜇1 > 𝜇𝑖
for all suboptimal arms 𝑖 > 1. Then the 𝑛-round regret of FunBayes
is bounded as
𝐾
Õ
1+𝜖
𝑅(𝑛) ≤
Δ𝑖
min
log 𝑛 + 𝑜𝜖,𝑐 (log 𝑛) + 𝑤 𝑗 .
{ 𝑗 ∈ [𝐿]:𝐷𝑖,𝑗 >0} 𝐷𝑖,𝑗
𝑖=2
where Δ𝑖 is defined in Theorem 2 and 𝐷𝑖,𝑗 = 𝑑 (𝜇𝑖,𝑗 , 𝜇1,𝐿 ). Note that
𝑑 (𝑝, 𝑞) is the KL divergence betweeen distributions 𝑝 and 𝑞.
P ROOF. We briefly sketch out the steps. Similar to the FunUCB
proof, we first bound the expected number of pulls to distinguish
arm 𝑖 in stage 𝑗 from that of arm 1 in stage 𝐿. Let the number of pulls
of arm 𝑖 in stage 𝑗 in 𝑛 rounds be denoted by the random variable
𝐺𝑖,𝑗 . Based on Theorem 1 in [8], it can be bounded from above as
follows:


(1 + 𝜖)(log 𝑛)
E 𝐺𝑖,𝑗 ≤
+ 𝑅𝑛 (𝜖, 𝑐)
𝐷𝑖,𝑗
where 𝑅𝑛 (𝜖, 𝑐) = 𝑜 (log 𝑛), for every 𝜖 > 0 and 𝑐 ≥ 5. We then
consider all the stages 𝑗 where 𝐷𝑖,𝑗 > 0 and add an additional
number of pulls 𝑤 𝑗 that could occur due to the corresponding wait
time of stage 𝑗:
" 𝑛
#
Õ
E
1{𝐼𝑡 = 𝑖} ≤
min
𝐺𝑖,𝑗 + 𝑤 𝑗
𝑗 ∈ [𝐿]:𝐷𝑖,𝑗 >0

𝑡 =1

≤

min

𝑗 ∈ [𝐿]:𝐷𝑖,𝑗 >0

(1 + 𝜖)(log 𝑛)
+ 𝑜𝜖,𝑐 (log 𝑛) + 𝑤 𝑗
𝐷𝑖,𝑗

The final step of the proof follows from adding up the regret corresponding to all the sub-optimal arms 𝑖 not equal to 1.
□

Similar discussion of FunUCB apply to the FunBayes algorithm as
well.

5

RELATED WORK

The problem of delayed feedback has received increased attention
in the last couple of decades starting with [19]. They consider the
adversarial full information setting with a fixed, known delay 𝜏 and
show that the regret increases by a multiplicative factor of the delay.
Later on, in [2] online stochastic optimization was considered
  and
the regret was shown to increase as an additive factor of E 𝜏 2 for
i.i.d random delays. Similar results have been shown in bandit settings for fixed and constant delays in [6] by discounting a horizon
dependent log factor. Around the same time, a multiplicative regret
was established for the adversarial settings in [13]. [7] study how
delayed feedback affects regret in online learning and provide additive regret bounds in the stochastic settings and multiplicative regret
bounds in the adversarial settings. In comparison, we model the
delayed feedback and leverage its structure to significantly reduce
regret. In [12], the authors studied the problem of online prediction
with delayed feedback. In particular, let 𝑥 be the observed context,
𝑦 be delayed feedback, and 𝑧 be intermediate feedback. Then, unÍ
der the assumption that 𝑃 (𝑦 | 𝑥) = 𝑧 𝑃 (𝑦 | 𝑧)𝑃 (𝑧 | 𝑥) and that
𝑧 is observed before 𝑦, learning of intermediate models 𝑃 (𝑦 | 𝑧)
and 𝑃 (𝑧 | 𝑥) can lead to better predictions than directly learning
𝑃 (𝑦 | 𝑥). [11] study an online learning problem where the objective is to choose a waiting time to minimizes the total loss. This
problem is only loosely related to our work. In particular, although
our problem involves delays, we do not optimize them, and in fact
cannot control them. [17] study the delayed feedback setting when
the delays are stochastic and potentially censored. They also provide
a lower bound and consider both UCB and UCB with KL confidence
intervals. It would be interesting to extend our results in the censored
setting. [14] study the delayed feedback setting when the feedback is
aggregated as well. The regret is still shown to have an additive delay
term as previous algorithms. Very recently, in [18] linear bandits
have been tackled in the delay feedback model.

6

EXPERIMENTS

We evaluate the regret performance of our algorithms FunUCB and
FunBayes.
In order to compare the efficacy of our proposed algorithms, we
also consider the following delayed versions of UCB1 and TS for our
settings. Let us first consider the approach for UCB1 and it can be
similarly applied for TS. Instead of modeling the stages for each
of the arms, we receive delayed reward for each of the selected
arm based on the combined delay of all the stages. We call this the
UCB1wait algorithm. We also consider the version where in the case
of reward one, the algorithm waits for the sum of delays of all the
corresponding stages, similarly to UCB1wait but for reward of zero it
is immediately observed at the end of first stage of failure. Similarly,
we have the corresponding versions of TSwait and TS algorithm. We
will apply various bandit algorithms on synthetic datasets and study
performance. Let us first consider the problem with two arms and
four stages with various delay settings. The settings are as follows:
• (A) Arms 1 and 2 with Bernoulli success probabilities of 0.5
and 0.95 and delays in {10, 100, 100} across 4 stages and 2
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(a) Delay 10, Δ = 0.75

(b) Delay 100, Δ = 0.75

(c) Delay 1000, Δ = 0.75

(d) Delay 10, Δ = 0.34

(e) Delay 100, Δ = 0.34

(f) Delay 1000, Δ = 0.34

Figure 1: First note that FunUCB (funminucb) has lower regret in all the delays considered in the experiments. We consider the various
settings of two arms and four stages with delays of both 10, 100 and 1000 respectively. When the delays are large as in the case of
100, 1000, FunUCB outperform its corresponding naive approaches. Note that x-axis corresponds to rounds and y-axis to regret.

(a) Delay 10, Δ = 0.34

(b) Delay 100, Δ = 0.34

(c) Delay 1000, Δ = 0.34

Figure 2: FunBayes has lower regret than TS and TSwait. The benefits are better for larger delays as can be seen by the plots.

(a) Delay 100, 100, 100

(b) Delay 100, 100, 500

(c) 2, 4 stages

Figure 3: Plots (a), (b) show that our algorithm FunUCB (aka funminUCB) has the same regret even though the delay has changed only
for the last stage. However, for the other algorithms, the regret is much higher and depends on the full delay of all the stages. Last
figure (c) shows the regret scales at most linearly with 𝐿 for FunUCB (aka funminUCB). Note that x-axis corresponds to rounds and
y-axis to regret.
arms. This corresponds to 𝜇 1,𝑗 = 0.5, 𝜇 2,𝑗 = 0.95 for the two
arms and 𝑤 𝑗 ∈ {10𝑗, 100𝑗, 1000𝑗 }.

• (B) Same as above but with success probabilities of the individual arms and stages replaced by Bernoulli success probabilities of 0.5 and 0.8 respectively.
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Scaling with Δ: We observe that Δ = 0.75 and Δ = 0.34 for setting
(A) and (B) respectively. Comparing the regret plots for delay of
1000 in Figure 1 corresponding to the two settings, we notice that the
regret seems to scale linearly with Δ. and this is inline with the linear
term corresponding to gap in Theorem 2. This can be observed by
looking at the regret for delay 1000
Varying Delays: We vary the delays of the stages of the two arms
and show the results for UCB version of the algorithm. All have two
arms and four stages with delays in {10, 100, 1000}. The results are
shown for FunUCB in Figure 1.
Confidence intervals: We compare the performance of FunBayes
with TS and TSwait and across a wide range of delays, we see that
we have a lower regret as seen in Figure 2.
Scaling with L:. We consider two arms with two stages and four
stages. The delays are [1000, 1000] for two stages and [500, 500, 500, 500]
for four stages. The gap between the arms is the same in both settings
and is 0.34. We observe in Figure 3 that the regret scales at most
linearly with 𝐿 as bounded by our Theorem 2.
Total wait time ≫ 𝑤 𝑗 : We consider three stages for the two arms
with Bernoulli success probabilities as follows: 𝜇 1,1 = 0.5, 𝜇1,2 =
0.2, 𝜇1,3 = 0.1 and 𝜇 2,𝑗 = 0.95, ∀𝑗 ∈ [1, 2, 3]. We consider two delay
settings of 𝑤 𝑗 = 100𝑗 and the other of 𝑤 1 = 100, 𝑤 2 = 100, 𝑤 3 = 500.
The results are shown in Figure 3 and confirm that our regret does
not scale with total wait time.

7

CONCLUSIONS AND OPEN PROBLEMS

We note that for all the runs, our algorithms FunUCB and FunBayes
beats both UCB1, UCB1wait and TS, TSwait in terms of regret performance. We provide upper bounds on regret performance for both
the UCB and Bayesian approach of our algorithms FunUCB and
FunBayes respectively. Can we provide an extension of our algorithms to the funnel bandit problem with a contextual setting where
each user has a context when they arrive? Note that our analysis
is heavily dependent on being able to decouple the arms and relies
mostly on counting arguments which is not possible in the contextual
settings. For instance, playing sub-optimal arms can still provide
information about other arms. Also, obtaining lower bounds for the
funnel bandit problem would be of interest as has been established
in other delayed settings.
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